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Abstract
A l-colored digraph D(l) is primitive if there exists a nonnegative integer vector α such that for each
ordered pair of vertices x and y (not necessarily distinct), there exists an α-walk in D(l) from x to y. The
exponent of the primitive l-colored digraph D(l) is deﬁned to be the minimum value of the sum of all
coordinates of α taken over all such α. In this paper, we generalize the concept of exponent of a primitive
l-colored digraph by introducing three types of generalized exponents. Further, we study the generalized
exponents of primitive two-colored Wielandt digraphs.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
A digraph D is called primitive if there exists a positive integer l such that for each ordered
pair of vertices x and y (not necessarily distinct), there exists a walk of length l from x to y. The
smallest such l is called the exponent of D, denoted by exp(D).
In 1990, Brualdi and Liu [1] generalized the traditional concept of the exponent of a primitive
digraph by introducing three types of generalized exponents.
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Let D be a primitive digraph with vertex set V (D) = {v1, v2, . . . , vn}. For any vi ∈ V (D) and
X ⊆ V (D), the vertex exponent γD(vi) is the smallest positive integer m such that there is a walk
of length m from vi to each vertex of D, and the set exponent expD(X) is the smallest positive
integer p such that for each vertex vj of D there exists a walk from at least one vertex in X to vj
of length p.
Deﬁnition 1.1. Let D be a primitive digraph of order n. If we choose to order the n vertices
v1, v2, . . . , vn of D in such a way that
γD(v1)  γD(v2)  · · ·  γD(vn),
then we call γD(vk) the kth ﬁrst type generalized exponent of D, denoted by expD(k).
Deﬁnition 1.2. Let D be a primitive digraph of order n and 1  k  n. Then we deﬁne
f (D, k) = min{expD(X)|X ⊆ V (D)and|X| = k}
and
F(D, k) = max{expD(X)|X ⊆ V (D)and|X| = k}.
We call f (D, k) and F(D, k) the kth second type generalized exponent and the kth third type
generalized exponent of D, respectively.
It is easy to see that f (D, 1) = expD(1), F(D, 1) = expD(n) = exp(D).
We now give the concepts of l-colored digraph and the exponent of a primitive l-colored
digraph.
Let c1, c2, . . . , cl be distinct colors. A l-colored digraph, denoted by D(l), is a multidigraph
whose arcs are colored c1, c2, . . ., cl−1 or cl such that there is at least one arc of color ci for
i = 1, 2, . . . , l. For a l-colored digraph D(l), we use D to denote the underlying digraph of D(l).
Given a walk w in D(l), we deﬁne the composition of w, denoted by #(w), to be the vector of
order l whose ith coordinate is the number of arcs in w of color ci . We say that w is a #(w)-walk.
A l-colored digraph D(l) is primitive if there exists a nonnegative integer vector α such that for
each ordered pair of vertices x and y (not necessarily distinct), there exists an α-walk inD(l) from
x to y. The exponent of the primitive l-colored digraph D(l), denoted by exp(D(l)), is deﬁned to
be the minimum value of the sum of all coordinates of α taken over all such α. Clearly, if D(l) is
primitive, then D is also primitive, and exp(D)  exp(D(l)).
Recently there have been some papers concerning the exponents of l-colored digraphs [3–9].
In this paper, we generalize the concept of exponent of a l-colored digraph by introducing three
types of generalized exponents. In Section 2, we give the definitions of three types of generalized
exponents of primitive l-colored digraphs. In Section 3, we descriptive some basic properties. In
Sections 4–6, we study three types of generalized exponents for primitive two-colored Wielandt
digraphs.
2. Generalized exponents of primitive l-colored digraphs
LetD(l) be aprimitive l-coloreddigraphwithV (D(l)) = {v1, v2, . . . , vn}. For anyvi ∈ V (D(l))
and X ⊆ V (D(l)), the vertex exponent γD(l) (vi) is the smallest positive integer m1 + m2 + · · · +
ml such that there is an (m1,m2, . . . , ml)-walk from vi to each vertex ofD(l), and the set exponent
expD(l) (X) is the smallest positive integer p1 + p2 + · · · + pl such that for each vertex vj of D(l)
there exists a (p1, p2, . . . , pl)-walk from at least one vertex in X to vj .
1552 Y. Gao, Y. Shao / Linear Algebra and its Applications 430 (2009) 1550–1565
Deﬁnition 2.1. Let D(l) be a primitive l-colored digraph of order n. If we choose to order the n
vertices v1, v2, . . . , vn of D(l) in such a way that
γD(l) (v1)  γD(l) (v2)  · · ·  γD(l) (vn),
then we call γD(l) (vk) the kth ﬁrst type generalized exponent of D
(l), denoted by expD(l) (k).
It is obvious that expD(l)(1)  expD(l)(2)  · · ·  expD(l)(n).
Deﬁnition 2.2. Let D(l) be a primitive l-colored digraph of order n and 1  k  n. Then we
deﬁne
f (D(l), k) = min{expD(l) (X)|X ⊆ V (D(l)) and |X| = k}
and
F(D(l), k) = max{expD(l) (X)|X ⊆ V (D(l)) and |X| = k}.
We call f (D(l), k) and F(D(l), k) the kth second type generalized exponent and the kth third type
generalized exponent of D(l), respectively.
By the above definitions, we have the following.
Lemma 2.3. Let D(l) be a primitive l-colored digraph of order n.
(1) F(D(l), 1) = expD(l) (n) and f (D(l), 1) = expD(l) (1).
(2) F(D(l), 1)  F(D(l), 2)  · · ·  F(D(l), n).
(3) f (D(l), 1)  f (D(l), 2)  · · ·  f (D(l), n).
(4) For 1  k  n, F(D(l), k)  expD(l) (n − k + 1), and f (D(l), k)  expD(l) (1).
3. Some preliminaries
For a l-colored digraph D(l), let C = {γ1, γ2, . . . , γs} be the set of cycles of D(l). Set M to be
the l × s matrix whose ith column is #(γi). We call M the cycle matrix of D(l). Theorem 1 in [4]
immediately yield the following.
Lemma 3.1. Let D(l) be a l-colored digraph with cycle matrix M. Then D(l) is primitive if and
only if D is strongly connected and the greatest common divisor of the l × l minors of the cycle
matrix M of D(l) is 1.
Lemma 3.2. Let D(l) be a primitive l-colored digraph of order n. Then for 2  k  n, we have
expD(l) (k − 1)  expD(l) (k)  expD(l) (k − 1) + 1.
Proof. Without lose of generality, let V1 = {v1, v2, . . . , vk−1} ⊆ V (D(l)) such that γD(l) (vi) =
expD(l) (i), 1  i  k − 1. Because D is strongly connected, there is a vertex vx ∈ V (D(l))\V1
and vj ∈ V1 such that (vx, vj ) is an arc of D(l). It follows that γD(l) (vx)  γD(l) (vj ) + 1 
expD(l) (k − 1) + 1, and the lemma holds. 
The Wielandt digraph Wn of order n  3 is the digraph with vertices v1, v2, . . . , vn consisting
of the cycle vn → vn−1 → · · · → v2 → v1 → vn and the arc v1 → vn−1 (as given in Fig. 1).
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Fig. 1. Wielandt digraph Wn.
It is well known that, up to isomorphism, the Wielandt digraph Wn of order n has the largest
exponent of primitive digraphs of order n, and that this exponent is n2 − 2n + 2. We deﬁne a
two-colored Wielandt digraph W(2)n to be a two-colored digraph obtained by coloring the arcs of
the Wielandt digraph Wn by red and blue.
Lemma 3.3 [3]. Up to isomorphism, a two-colored Wielandt digraph W(2)n of order n is primitive
if and only if the cycle matrix of W(2)n is
M =
[
n − 1 n − 2
1 1
]
.
Lemma 3.3 implies that for a primitive two-colored Wielandt digraph W(2)n of order n, the
n-cycle ofW(2)n contains exactly one blue arc, and the (n − 1)-cycle ofW(2)n also contains exactly
one blue arc. So there are two possibilities. We say W(2)n is Type I, if the arc v1 → vn or arc
vn → vn−1 is blue, the arc v1 → vn−1 is blue, and all others are red; and W(2)n is Type II, if the
path vn−1 → vn−2 → · · · → v1 contains exactly one blue arc, and all others are red.
Lemma 3.4 [3,9]. For primitive two-colored Wielandt digraph W(2)n of order n, we have
(1) If W(2)n is Type I, then exp(W
(2)
n ) = 2n2 − 3n + 1.
(2) If W(2)n is Type II, then exp(W
(2)
n ) = 2n2 − 4n + 1.
4. The kth ﬁrst type generalized exponents of W(2)n
In this section, we study the kth ﬁrst type generalized exponents of primitive two-colored
Wielandt digraphs W(2)n .
Theorem 4.1. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
I with blue arcs v1 → vn and v1 → vn−1, then for 1  k  n, we have
exp
W
(2)
n
(k) = γ
W
(2)
n
(vk) = n2 − 2n + k.
Proof. Let 1  k  n. Suppose that (r, b) is a pair of nonnegative integers such that for any vertex
vi there is a (r, b)-walk from vk to vi . By considering i = k, we see that there exist nonnegative
integers u and v with[
r
b
]
= M
[
u
v
]
.
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Taking i = 1, then there exists a unique path from vk to v1 with composition (k − 1, 0), and each
walk from vk to v1 can be decomposed into the path from vk to v1 and cycles. Hence
Mz =
[
r − (k − 1)
b
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
k − 1
0
]
=
[
u
v
]
−
[
k − 1
1 − k
]
 0
and so u  k − 1. Taking i = n (if k < n), then there exists a unique path from vk to vn with
composition (k − 1, 1), and each walk from vk to vn can be decomposed into the path from vk to
vn and cycles. Hence,
Mz =
[
r − (k − 1)
b − 1
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
k − 1
1
]
=
[
u
v
]
−
[−n + k + 1
n − k
]
 0
and so v  n − k. If k = n, then it is clear that v  n − k = 0. Thus
gamma
W
(2)
n
(vk)r+ b =
[
1 1
]
M
[
u
v
]

[
n n − 1]
[
k − 1
n − k
]
=n2−2n + k.
On the other hand, for 1  i  k, we have that[
k − i
0
]
+ (i − 1)
[
n − 1
1
]
+ (n − i)
[
n − 2
1
]
=
[
n2 − 3n + k + 1
n − 1
]
.
Then the walk that starts at vertex vk , follows the n-cycle to vertex vi , and goes i − 1 times around
the n-cycle and n − i times around the (n − 1)-cycle is an (n2 − 3n + k + 1, n − 1)-walk from
vk to vi . For k + 1  i  n (if k /= n), noticing[
n + k − i − 1
1
]
+ (i − 2)
[
n − 1
1
]
+ (n − i)
[
n − 2
1
]
=
[
n2 − 3n + k + 1
n − 1
]
,
the walk that starts at vertex vk , follows the n-cycle to vertex vi , and goes i − 2 times around the
n-cycle and n − i times around the (n − 1)-cycle is an (n2 − 3n + k + 1, n − 1)-walk from vk
to vi . So γW(2)n
(vk)  (n2 − 3n + k + 1) + (n − 1) = n2 − 2n + k.
Thus γ
W
(2)
n
(vk) = n2 − 2n + k. The result follows. 
Theorem 4.2. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
I with blue arcs vn → vn−1 and v1 → vn−1, then for 1  k  n, we have
exp
W
(2)
n
(k) = γ
W
(2)
n
(vk) = n2 − 2n + k + 1.
Proof. First, we show γ
W
(2)
n
(vn) = n2 − n + 1.
Suppose that (r, b) is a pair of nonnegative integers such that for any vertex vi of W
(2)
n there
is a (r, b)-walk from vn to vi . By considering i = n, we see that there exist nonnegative integers
u and v with
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[
r
b
]
= M
[
u
v
]
.
Note that the vertex vn isn’t in the (n − 1)-cycle. Then u  1. Taking i = n − 1, then there exists
a unique path from vn to vn−1 with composition (0, 1), and each walk from vn to vn−1 can be
decomposed into the path from vn to vn−1 and cycles. Hence,
Mz =
[
r
b − 1
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
0
1
]
=
[
u
v
]
−
[
2 − n
n − 1
]
 0,
and so v  n − 1. Thus
γ
W
(2)
n
(vn)  r + b =
[
1 1
]
M
[
u
v
]

[
n n − 1]
[
1
n − 1
]
= n2 − n + 1.
On the other hand, for 1  i  n − 1, we have that[
n − i − 1
1
]
+ i
[
n − 1
1
]
+ (n − i − 1)
[
n − 2
1
]
=
[
n2 − 2n + 1
n
]
.
Then the walk that starts at vertex vn, follows the n-cycle to vertex vi , and goes i times around
the n-cycle and n − i − 1 times around the (n − 1)-cycle is an (n2 − 2n + 1, n)-walk from vn to
vi . For i = n, noticing[
n − 1
1
]
+ (n − 1)
[
n − 2
1
]
=
[
n2 − 2n + 1
n
]
,
the walk that starts at vertex vn, goes around the n-cycle and n − 1 times around the (n − 1)-cycle
is an (n2 − 2n + 1, n)-walk from vn to vn. So γW(2)n (vn)  (n2 − 2n + 1) + n = n2 − n + 1.
Thus γ
W
(2)
n
(vn) = n2 − n + 1.
Next, we show that γ
W
(2)
n
(vk) = n2 − 2n + k + 1 for 1  k  n − 1.
Suppose that (r, b) is a pair of nonnegative integers such that for any vertex vi of W
(2)
n there
is a (r, b)-walk from vk to vi . By considering i = k, we see that there exist nonnegative integers
u and v with[
r
b
]
= M
[
u
v
]
.
Taking i = n, then there exists a unique path from vk to vn with composition (k, 0), and each
walk from vk to vn can be decomposed into the path from vk to vn and cycles. Hence,
Mz =
[
r − k
b
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
k
0
]
=
[
u
v
]
−
[
k
−k
]
 0
and so u  k. Taking i = n − 1 (if k /= n − 1), then there exist two different paths from vk to
vn−1 with compositions (k − 1, 1) and (k, 1) respectively, and each walk from vk to vn−1 can be
decomposed into a path from vk to vn−1 and cycles. Hence
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Mz =
[
r − (k − 1)
b − 1
]
or Mz =
[
r − k
b − 1
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
k − 1
1
]
=
[
u
v
]
−
[
k − n + 1
n − k
]
 0
or
z =
[
u
v
]
− M−1
[
k
1
]
=
[
u
v
]
−
[
k − n + 2
n − k − 1
]
 0
and so v  n − k − 1. If k = n − 1, then it is clear that v  n − k − 1 = 0. Thus
γ
W
(2)
n
(vk)  r + b =
[
1 1
]
M
[
u
v
]

[
n n − 1]
[
k
n − k − 1
]
= n2 − 2n + k + 1.
On the other hand, for 1  i  k, we have that[
k − i
0
]
+ i
[
n − 1
1
]
+ (n − i − 1)
[
n − 2
1
]
=
[
n2 − 3n + k + 2
n − 1
]
.
Then the walk that starts at vertex vk , follows the n-cycle to vertex vi , and goes i times around the
n-cycle and n − i − 1 times around the (n − 1)-cycle is an (n2 − 3n + k + 2, n − 1)-walk from
vk to vi . For k + 1  i  n − 1 (if k /= n − 1), noticing[
n + k − i − 1
1
]
+ (i − 1)
[
n − 1
1
]
+ (n − i − 1)
[
n − 2
1
]
=
[
n2 − 3n + k + 2
n − 1
]
,
the walk that starts at vertex vk , follows the n-cycle to vertex vi , and goes i − 1 times around the
n-cycle and n − i − 1 times around the (n − 1)-cycle is an (n2 − 3n + k + 2, n − 1)-walk from
vk to vi . For i = n, noticing[
k
0
]
+ (n − 1)
[
n − 2
1
]
=
[
n2 − 3n + k + 2
n − 1
]
,
the walk that starts at vertex vk , follows the n-cycle to vertex vn, and goes n − 1 times around
the (n − 1)-cycle is an (n2 − 3n + k + 2, n − 1)-walk from vk to vn. So γW(2)n (vk)  n2 − 2n +
k + 1.
Thus γ
W
(2)
n
(vk) = n2 − 2n + k + 1 for 1  k  n − 1. The result now follows. 
Theorem 4.3. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
II with the blue arc vj → vj−1, where 2  j  n − 1, then for 1  k  n, we have
exp
W
(2)
n
(k) = γ
W
(2)
n
(vk) = n2 − 2n + k − j + 1.
Proof. First, we show that γ
W
(2)
n
(vk) = n2 − 2n + k − j + 1 for j  k  n.
Suppose that (r, b) is a pair of nonnegative integers such that for any vertex vi of W
(2)
n there
is an (r, b)-walk from vk to vi . By considering i = k, we see that there exist nonnegative integers
u and v with[
r
b
]
= M
[
u
v
]
.
Taking i = j , then there exists a unique path from vk to vj with composition (k − j, 0), and each
walk from vk to vj can be decomposed into the path from vk to vj and cycles. Hence
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Mz =
[
r − (k − j)
b
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
k − j
0
]
=
[
u
v
]
−
[
k − j
j − k
]
 0
and so u  k − j . Taking i = j − 1, then there exists a unique path from vk to vj−1 with com-
position (k − j, 1), and each walk from vk to vj−1 can be decomposed into the path from vk to
vj−1 and cycles. Hence
Mz =
[
r − (k − j)
b − 1
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
k − j
1
]
=
[
u
v
]
−
[
k − j − n + 2
n + j − k − 1
]
 0
and so v  n + j − k − 1. Thus
γ
W
(2)
n
(vk)r+ b=
[
1 1
]
M
[
u
v
]

[
n n − 1]
[
k − j
n + j − k − 1
]
=n2−2n + k − j + 1.
On the other hand, for 1  i  j − 1, noticing[
k − i − 1
1
]
+ (n + i − j − 1)
[
n − 1
1
]
+(j − i − 1)
[
n − 2
1
]
=
[
n2 − 3n + k−j + 2
n − 1
]
,
the walk that starts at vertex vk , follows the n-cycle to vertex vi , and goes n + i − j − 1 times
around the n-cycle and j − i − 1 times around the (n − 1)-cycle is an (n2 − 3n + k − j + 2, n −
1)-walk from vk to vi . For j  i  k, we have that[
k − i
0
]
+ (i − j)
[
n − 1
1
]
+ (n + j − i − 1)
[
n − 2
1
]
=
[
n2 − 3n + k − j + 2
n − 1
]
.
Then the walk that starts at vertex vk , follows the n-cycle to vertex vi , and goes i − j times around
the n-cycle and n + j − i − 1 times around the (n − 1)-cycle is an (n2 − 3n + k − j + 2, n −
1)-walk from vk to vi . For k + 1  i  n − 1 (when k < n − 1), noticing[
n + k − i − 2
1
]
+(i − j)
[
n − 1
1
]
+(n + j − i − 2)
[
n − 2
1
]
=
[
n2 − 3n + k − j + 2
n − 1
]
,
the walk that starts at vertex vk , follows the (n − 1)-cycle to vertex vi , and goes i − j times
around the n-cycle and n + j − i − 2 times around the (n − 1)-cycle is an (n2 − 3n + k − j +
2, n − 1)-walk from vk to vi . For i = n (if k /= n), noticing[
k − 1
1
]
+ (n − j − 1)
[
n − 1
1
]
+ (j − 1)
[
n − 2
1
]
=
[
n2 − 3n + k − j + 2
n − 1
]
,
the walk that starts at vertex vk , follows the n-cycle to vertex vn, and goes n − j − 1 times around
the n-cycle and j − 1 times around the (n − 1)-cycle is an (n2 − 3n + k − j + 2, n − 1)-walk
from vk to vn. So γW(2)n
(vk)  n2 − 2n + k − j + 1.
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Thus γ
W
(2)
n
(vk) = n2 − 2n + k − j + 1 for j  k  n.
Next, we show that γ
W
(2)
n
(vk) = n2 − 2n + k − j + 1 for 1  k  j − 1.
Suppose that (r, b) is a pair of nonnegative integers such that for any vertex vi of W
(2)
n there
is a (r, b)-walk from vk to vi . By considering i = k, we see that there exist nonnegative integers
u and v with[
r
b
]
= M
[
u
v
]
.
Taking i = j , then there exist two different paths from vk to vj with compositions (n + k −
j, 0) and (n + k − j − 1, 0) respectively, and each walk from vk to vj can be decomposed into a
path from vk to vj and cycles. Hence,
Mz =
[
r − (n + k − j)
b
]
or Mz =
[
r − (n + k − j − 1)
b
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
n + k − j
0
]
=
[
u
v
]
−
[
n + k − j
−(n + k − j)
]
 0
or
z =
[
u
v
]
− M−1
[
n + k − j − 1
0
]
=
[
u
v
]
−
[
n + k − j − 1
−(n + k − j − 1)
]
 0
and so u  n + k − j − 1. Taking i = j − 1 (if k = j − 1), then there exist two different paths
from vk to vj−1 with compositions (n + k − j, 1) and (n + k − j − 1, 1) respectively, and each
walk from vk to vj−1 can be decomposed into a path from vk to vj−1 and cycles. Hence,
Mz =
[
r − (n + k − j)
b − 1
]
or Mz =
[
r − (n + k − j − 1)
b − 1
]
has a nonnegative integer solution. Then
z =
[
u
v
]
− M−1
[
n + k − j
1
]
=
[
u
v
]
−
[
k − j + 2
j − k − 1
]
 0
or
z =
[
u
v
]
− M−1
[
n + k − j − 1
1
]
=
[
u
v
]
−
[
k − j + 1
j − k
]
 0
and so v  j − k − 1. If k = j − 1, then it is clear that v  j − k − 1 = 0. Thus
γ
W
(2)
n
(vk) r + b =
[
1 1
]
M
[
u
v
]

[
n n − 1]
[
n + k − j − 1
j − k − 1
]
= n2 − 2n + k − j + 1.
On the other hand, for 1  i  k, we have that[
k − i
0
]
+ (n + i − j − 1)
[
n − 1
1
]
+ (j − i − 1)
[
n − 2
1
]
=
[
n2 − 3n + k − j + 3
n − 2
]
.
Then the walk that starts at vertex vk , follows the n-cycle to vertex vi , and goes n + i − j − 1
times around the n-cycle and j − i − 1 times around the (n − 1)-cycle is an (n2 − 3n + k − j +
3, n − 2)-walk from vk to vi . For k + 1  i  j − 1 (if k /= j − 1), noticing
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[
n + k − i − 1
1
]
+ (n + i − j − 2)
[
n − 1
1
]
+ (j − i − 1)
[
n − 2
1
]
=
[
n2 − 3n + k − j + 3
n − 2
]
,
the walk that starts at vertex vk , follows the n-cycle to vertex vi , and goes n + i − j − 2 times
around the n-cycle and j − i − 1 times around the (n − 1)-cycle is an (n2 − 3n + k − j + 3, n −
2)-walk from vk to vi . For j  i  n − 1, noticing[
n + k − i − 1
0
]
+ (i − j)
[
n − 1
1
]
+ (n + j − i − 2)
[
n − 2
1
]
=
[
n2 − 3n + k − j + 3
n − 2
]
,
the walk that starts at vertex vk , follows the (n − 1)-cycle to vertex vi , and goes i − j times
around the n-cycle and n + j − i − 2 times around the (n − 1)-cycle is an (n2 − 3n + k − j +
3, n − 2)-walk from vk to vi . For i = n, noticing[
k
0
]
+ (n − j − 1)
[
n − 1
1
]
+ (j − 1)
[
n − 2
1
]
=
[
n2 − 3n + k − j + 3
n − 2
]
,
the walk that starts at vertex vk , follows the n-cycle to vertex vn, and goes n − j − 1 times around
the n-cycle and j − 1 times around the (n − 1)-cycle is an (n2 − 3n + k − j + 3, n − 2)-walk
from vk to vn. So γW(2)n
(vk)  n2 − 2n + k − j + 1.
Thus γ
W
(2)
n
(vk) = n2 − 2n + k − j + 1 for 1  k  j − 1. The result now follows. 
5. The kth second type generalized exponents of W(2)n
In this section, we study the kth second type generalized exponents of primitive two-colored
Wielandt digraphsW(2)n . Noticing f (W
(2)
n , 1) = expW(2)n (1), we only need to consider 2  k  n.
Theorem 5.1. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
I with blue arcs v1 → vn and v1 → vn−1, then we have
(1) f (W(2)n , k) = n − 1 for n2  k  n, and
(2) f (W(2)n , k)  n2 − 2kn + 2k − 1 for 2  k  n−12 .
Proof. (1) n2  k  n.
Let X be any set of k vertices of W(2)n , and suppose that (r, b) is a pair of nonnegative integers
such that for each vertex vi of W
(2)
n there exists a (r, b)-walk from at least one vertex in X to
vi . Clearly, r + b  1. Note that for each vertex vt ∈ X, any walk of length l  1 from vt to vn
contains at least one blue arc, and each walk from vt to v1 containing at least one blue arc contains
at least n − 2 red arcs. Then b  1 and r  n − 2. Thus exp
W
(2)
n
(X)  1 + (n − 2) = n − 1, and
so f (W(2)n , k)  n − 1.
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On the other hand, take X0 = {v2t−1|t = 1, 2, . . . , n2  − 1}) ∪ {vn−1} if n is odd, and X0 ={v2t−1|t = 1, 2, . . . , n2 }) if n is even, where x denotes the least integer not less than x. Then
|X0| = n2 . For any vi ∈ V (W(2)n ), if vi ∈ X0, then the walk that starts at vertex vi , goes around
the (n − 1)-cycle, is an (n − 2, 1)-walk from vi to vi . If vi /∈ X0, then vi−1 ∈ X0, and thewalk that
starts at vertex vi−1, follows the n-cycle to vertex vi , is an (n − 2, 1)-walk from vi−1 to vi . Thus
exp
W
(2)
n
(X0)  n − 1, and so f (W(2)n , n2 )  n − 1. By Lemma 2.3(3), f (W(2)n , k)  n − 1 for
n
2  k  n.
Therefore the result (1) follows.
(2) 2  k  n−12 .
TakeX = {v1, v3, . . . , v2k−1}. Then |X| = k. For any vi ∈ V (W(2)n ), we show that there exists
an (n2 − 2kn − n + 4k − 2, n − 2k + 1)-walk from at least one vertex in X to vi .
If vi ∈ X, noticing
(n − 2k + 1)
[
n − 2
1
]
=
[
n2 − 2kn − n + 4k − 2
n − 2k + 1
]
,
then the walk that starts at vertex vi , goes n − 2k + 1 times around the (n − 1)-cycle is an
(n2 − 2kn − n + 4k − 2, n − 2k + 1)-walk from vi to vi .
If vi ∈ {v2, v4, . . . , v2k}, noticing vi−1 ∈ X and[
n − 2
1
]
+ (n − 2k)
[
n − 2
1
]
=
[
n2 − 2kn − n + 4k − 2
n − 2k + 1
]
,
then the walk that starts at vertex vi−1, follows the n-cycle to vertex vi , and goes n − 2k times
around the (n − 1)-cycle is an (n2 − 2kn − n + 4k − 2, n − 2k + 1)-walk from vi−1 to vi .
If vi ∈ {v2k+1, v2k+2, . . . , vn}, noticing[
n + 2k − i − 2
1
]
+ (i − 2k)
[
n − 1
1
]
+ (n − i)
[
n − 2
1
]
=
[
n2 − 2kn − n + 4k − 2
n − 2k + 1
]
,
then the walk that starts at vertex v2k−1, follows the n-cycle to vertex vi , and goes i − 2k times
around the n-cycle and n − i times around the (n − 1)-cycle is an (n2 − 2kn − n + 4k − 2, n −
2k + 1)-walk from v2k−1 to vi .
Thus exp
W
(2)
n
(X)  n2 − 2kn + 2k − 1, and sof (W(2)n , k)  n2 − 2kn + 2k − 1 for 2  k 
n−1
2 .
The theorem holds. 
Theorem 5.2. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
I with blue arcs vn → vn−1 and v1 → vn−1, then we have
(1) f (W(2)n , k) = n for n2  k  n, and
(2) f (W(2)n , k)  n2 − 2kn + 2k for 2  k  n−12 .
Proof. (1) n2  k  n.
Let X be any set of k vertices of W(2)n , and suppose that (r, b) is a pair of nonnegative integers
such that for each vertex vi of W
(2)
n there exists a (r, b)-walk from at least one vertex in X to vi .
Clearly, r + b  1. Note that for each vertex vt ∈ X, any walk of length l  1 from vt to vn−1
contains at least one blue arc, and each walk from vt to vn containing at least one blue arc contains
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at least n − 1 red arcs. Then b  1 and r  n − 1. Thus exp
W
(2)
n
(X)  1 + (n − 1) = n, and so
f (W
(2)
n , k)  n.
On the other hand, take X0 =
{
v1, v3, . . . , v2 n2 −1
}
if n is even, and X0 =
{
v1, v3, . . . ,
v2 n2 −3, vn−1
}
if n is odd. Then |X0| = n2 . For any vi ∈ V (W(2)n ), if vi ∈ X0, then the walk
that starts at vertex vi , goes around the n-cycle, is an (n − 1, 1)-walk from vi to vi . If vi /∈ X0 and
vi /= vn, then vi+1 ∈ X0, and the walk that starts at vertex vi+1, goes around the (n − 1)-cycle,
and follows the n-cycle to vertex vi , is an (n − 1, 1)-walk from vi+1 to vi . If vi = vn, then the
walk that starts at vertex v1, goes around the (n − 1)-cycle, and follows the n-cycle to vertex vn, is
an (n − 1, 1)-walk from v1 to vn. Thus expW(2)n (X0)  n, and so f
(
W
(2)
n , n2 
)
 n. By Lemma
2.3(3), f (W(2)n , k)  n for n2  k  n.
Therefore the result (1) follows.
(2) 2  k  n−12 .
TakeX = {v1, v3, . . . , v2k−1}. Then |X| = k. For any vi ∈ V (W(2)n ), we show that there exists
an (n2 − 2kn + 4k − n − 1, n − 2k + 1)-walk from at least one vertex in X to vi .
If vi ∈ X, noticing[
n − 1
1
]
+ (n − 2k)
[
n − 2
1
]
=
[
n2 − 2kn + 4k − n − 1
n − 2k + 1
]
,
then the walk that starts at vertex vi , goes around the n-cycle and n − 2k times around the
(n − 1)-cycle is an (n2 − 2kn + 4k − n − 1, n − 2k + 1)-walk from vi to vi .
If vi ∈ {v2, v4, . . . , v2k}, noticing vi−1 ∈ X and[
n − 2
1
]
+
[
n − 1
1
]
+ (n − 2k − 1)
[
n − 2
1
]
=
[
n2 − 2kn + 4k − n − 1
n − 2k + 1
]
,
then thewalk that starts at vertex vi−1, follows then-cycle to vertex vi , and goes around then-cycle
and n − 2k − 1 times around the (n − 1)-cycle is an (n2 − 2kn + 4k − n − 1, n − 2k + 1)-walk
from vi−1 to vi .
If vi ∈ {v2k+1, v2k+2, . . . , vn−1}, noticing[
n + 2k − i − 2
1
]
+ (i − 2k + 1)
[
n − 1
1
]
+ (n − i − 1)
[
n − 2
1
]
=
[
n2 − 2kn + 4k − n − 1
n − 2k + 1
]
,
then the walk that starts at vertex v2k−1, follows the n-cycle to vertex vi , and goes i − 2k + 1
times around the n-cycle and n − i − 1 times around the (n − 1)-cycle is an (n2 − 2kn + 4k −
n − 1, n − 2k + 1)-walk from v2k−1 to vi .
If vi = vn, noticing vi−1 ∈ X and[
1
0
]
+ (n − 2k + 1)
[
n − 2
1
]
=
[
n2 − 2kn + 4k − n − 1
n − 2k + 1
]
,
then the walk that starts at vertex v1, goes n − 2k + 1 times around the (n − 1)-cycle, and follows
the n-cycle to vertex vn, is an (n2 − 2kn + 4k − n − 1, n − 2k + 1)-walk from v1 to vn.
Thus exp
W
(2)
n
(X)  n2 − 2kn + 2k, and so f (W(2)n , k)  n2 − 2kn + 2k for 2  k  n−12 .
The theorem holds. 
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Theorem 5.3. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
II with the blue arc vj → vj−1, where 2  j  n − 1, then we have
(1) f (W(2)n , k) = n − 1 for n+12  k  n, and
(2) f (W(2)n , k)  n2 − 2kn + n + 2k − 1 for 2  k  n2 .
Proof. (1) n+12  k  n.
Let X be any set of k vertices of W(2)n , and suppose that (r, b) is a pair of nonnegative integers
such that for each vertex vi of W
(2)
n there exists a (r, b)-walk from at least one vertex in X to vi .
Clearly, r + b  1. Note that for each vertex vt ∈ X, any walk of length l  1 from vt to vj−1
contains at least one blue arc, and each walk from vt to vj containing at least one blue arc contains
at least n − 2 red arcs. Then b  1 and r  n − 2. Thus exp
W
(2)
n
(X)  1 + (n − 2) = n − 1, and
so f (W(2)n , k)  n − 1.
On the other hand, denotem = n+12 , and takeX0 = {v2t−1|t = 1, 2, . . . , m − 1}) ∪ {v2m−2}
if j is odd, and X0 = {v1, v3, . . . , vj−1} ∪ {vj , vj+2, . . . , v2m−4} ∪ {vn−1} if j is even. Then
|X0| = m. For any vi ∈ V (W(2)n ), we show that there exists an (n − 2, 1)-walk from at least one
vertex in X0 to vi .
If vi ∈ X0 and vi /= vn, then the walk that starts at vertex vi , goes around the (n − 1)-cycle,
is an (n − 2, 1)-walk from vi to vi . If vi /∈ X0 or vi = vn, then vi−1 ∈ X0, and the walk that
starts at vertex vi−1, follows the n-cycle to vertex vi , is an (n − 2, 1)-walk from vi−1 to vi . Thus
exp
W
(2)
n
(X0)  n − 1, and so f (W(2)n ,m)  n − 1. By Lemma 2.3(3), f (W(2)n , k)  n − 1 for
n+1
2  k  n.
Therefore the result (1) follows.
(2) 2  k  n2 .
TakeX = {vj−2i |i = 0, 1, . . . , k − 1} andX = {vj−2i−1|i = 0, 1, . . . , k − 2},whereweagree
that vl = vl+n if l < 1. Then |X| = k. For any vi ∈ V (W(2)n ), we show that there exists an
(n2 − 2kn + 4k − 3, n − 2k + 2)-walk from at least one vertex in X to vi .
For vi ∈ X, noticing[
n − 1
1
]
+ (n − 2k + 1)
[
n − 2
1
]
=
[
n2 − 2kn + 4k − 3
n − 2k + 2
]
,
then the walk that starts at vertex vi , goes around the n-cycle and n − 2k + 1 times around the
(n − 1)-cycle is an (n2 − 2kn + 4k − 3, n − 2k + 2)-walk from vi to vi .
For vi ∈ X, noticing vi−1 ∈ X (we agree that vl = vl+n if l < 1) and[
n − 2
1
]
+
[
n − 1
1
]
+ (n − 2k)
[
n − 2
1
]
=
[
n2 − 2kn + 4k − 3
n − 2k + 2
]
,
then the walk that starts at vertex vi−1, follows the n-cycle to vertex vi , and goes around the
n-cycle and n − 2k times around the (n − 1)-cycle is an (n2 − 2kn + 4k − 3, n − 2k + 2)-walk
from vi−1 to vi .
For vi /∈ X ∪ X, let P be a path that starts at vertex vj , follows the n-cycle to vertex vi , and
the length of P be l(P ). Then 2k − 1  l(P )  n − 1. Noticing[
l(P ) − 1
1
]
+ (n − l(P ))
[
n − 1
1
]
+ (l(P ) − 2k + 1)
[
n − 2
1
]
=
[
n2 − 2kn + 4k − 3
n − 2k + 2
]
,
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then the walk that starts at vertex vj , follows the n-cycle to vertex vi , and goes n − l(P ) times
around the n-cycle and l(P ) − 2k + 1 times around the (n − 1)-cycle is an (n2 − 2kn + 4k −
3, n − 2k + 2)-walk from vj to vi .
Thus exp
W
(2)
n
(X)  n2 − 2kn + n + 2k − 1, and so f (W(2)n , k)  n2 − 2kn + n + 2k − 1 for
2  k  n2 .
The theorem now holds. 
6. The kth third type generalized exponents of W(2)n
In this section, we study the kth third type generalized exponents of primitive two-colored
Wielandt digraphs W(2)n . Noticing F(W
(2)
n , n) = f (W(2)n , n) and F(W(2)n , 1) = expW(2)n (n), we
only need to consider 2  k  n − 1.
Theorem 6.1. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
I with blue arcs v1 → vn and v1 → vn−1, then, for 2  k  n − 1, we have
n(n − k)  F(W(2)n , k)  n2 − n − k + 1.
Proof. By Lemma 2.3(4) and Theorem 4.1, we only need to show that F(W(2)n , k)  n(n − k).
Let X = {vn, vn−1, . . . , vn−k+1} ⊆ V (W(2)n ). Then |X| = k. Suppose that (r, b) is a pair of
nonnegative integers such that for any vertex vi of W
(2)
n there is a (r, b)-walk from at least one
vertex in X to vi . By considering i = 1, we see that there exist nonnegative integers p1 and q1
with [
r
b
]
=
[
n − s
0
]
+ p1
[
n − 1
1
]
+ q1
[
n − 2
1
]
=
[
n − s + p1
0
]
+ (p1 + q1)
[
n − 2
1
]
,
where 1  s  k. Taking i = n, then there exist nonnegative integers p2 and q2 with[
r
b
]
=
[
n − t
1
]
+ p2
[
n − 1
1
]
+ q2
[
n − 2
1
]
=
[
p2 − t + 2
0
]
+ (p2 + q2 + 1)
[
n − 2
1
]
,
where 1  t  k. Thus n − s + p1 = p2 − t + 2, and so p2 − p1 = n + t − s − 2. Then p2 
n + t − s − 2, and so r + b = [1 1]
[
r
b
]
= (n − t + 1) + np2 + (n − 1)q2  (n − t + 1) +
n(n + t − s − 2)=n2 − n + t (n − 1) − sn + 1  n2 − n + (n − 1) − kn + 1=n(n − k). This
implies exp
W
(2)
n
(X)  n(n − k). Therefore F(W(2)n , k)  n(n − k). The theorem holds. 
Theorem 6.2. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
I with blue arcs vn → vn−1 and v1 → vn−1, then, for 2  k  n − 1, we have
n(n − k)  F(W(2)n , k)  n2 − n − k + 2.
Proof. By Lemma 2.3(4) and Theorem 4.2, we only need to show that F(W(2)n , k)  n(n − k).
Let X = {vn−1, vn−2, . . . , vn−k} ⊆ V (W(2)n ). Then |X| = k. Suppose that (r, b) is a pair of
nonnegative integers such that for any vertex vi of W
(2)
n there is a (r, b)-walk from at least one
vertex in X to vi . By considering i = n, we see that there exist nonnegative integers p1 and q1
with
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[
r
b
]
=
[
n − s
0
]
+ p1
[
n − 1
1
]
+ q1
[
n − 2
1
]
=
[
n − s + p1
0
]
+ (p1 + q1)
[
n − 2
1
]
,
where 1  s  k. Taking i = n − 1, then there exist nonnegative integers p2 and q2 with
[
r
b
]
=
[
n − t
1
]
+ p2
[
n − 1
1
]
+ q2
[
n − 2
1
]
=
[
p2 − t + 2
0
]
+ (p2 + q2 + 1)
[
n − 2
1
]
,
where 1  t  k + 1. Thus n − s + p1 = p2 − t + 2, and so p2 − p1 = n + t − s − 2. Then
p2  n + t − s − 2, and so r + b =
[
1 1
] [
r
b
]
= (n − t + 1) + np2 + (n − 1)q2  (n − t +
1) + n(n + t − s − 2) = n2 − n + t (n − 1) − sn + 1  n2−n + (n − 1) − kn + 1=n(n − k).
This implies exp
W
(2)
n
(X)  n(n − k). ThereforeF(W(2)n , k)  n(n − k). The theorem holds. 
Theorem 6.3. Let W(2)n be a primitive two-colored Wielandt digraph of order n. If W(2)n is Type
II with the blue arc vj → vj−1, where 2  j  n − 1, then, for 2  k  n − 1, we have
n(n − k − 1)  F(W(2)n , k)  n2 − n − j − k + 2.
Proof. By Lemma 2.3(4) and Theorem 4.3, we only need to show that F(W(2)n , k)  n(n − k −
1).
LetX = {vj−1, vj−2, . . . , vj−k} ⊆ V (W(2)n ) (we agree that vi = vi+n if i < 1). Then |X| = k.
Suppose that (r, b) is a pair of nonnegative integers such that for any vertex vi of W
(2)
n there is
a (r, b)-walk from at least one vertex in X to vi . By considering i = j , we see that there exist
nonnegative integers p1 and q1 with
[
r
b
]
=
[
n − s
0
]
+ p1
[
n − 1
1
]
+ q1
[
n − 2
1
]
=
[
n − s + p1
0
]
+ (p1 + q1)
[
n − 2
1
]
,
where 1  s  k + 1. Taking i = j − 1, then there exist nonnegative integers p2 and q2 with[
r
b
]
=
[
n − t
1
]
+ p2
[
n − 1
1
]
+ q2
[
n − 2
1
]
=
[
p2 − t + 2
0
]
+ (p2 + q2 + 1)
[
n − 2
1
]
,
where 1  t  k + 1. Thus n − s + p1 = p2 − t + 2, and so p2 − p1 = n + t − s − 2. Then
p2  n + t − s − 2, and so r + b =
[
1 1
] [
r
b
]
= (n − t + 1) + np2 + (n − 1)q2  (n − t +
1) + n(n + t − s − 2) = n2 − n + t (n − 1) − sn + 1  n2 − n + (n − 1) − (k + 1)n + 1 =
n(n − k − 1). This implies exp
W
(2)
n
(X)  n(n − k − 1). Therefore F(W(2)n , k)  n(n − k − 1).
The theorem holds. 
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